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Dokazovanje od MocCnika do
racunalnika

Zlatan Magajna

Pedagoska fakulteta, Univerza v Ljubljani

3. mednarodna konferenca @ m‘

o ucenju in poucevanju matematike ﬁ Zavod @ REPUBLIKA SLOVENIJA

KUPM 2016 i g MINISTRSTVO ZA IZOBRAZEVANJE,

EVROPSKA UNIJA
EVROPSKI
SOCIALNI SKLAD

‘v NALOZBA V VASO PRIHODNOST

Slovenije
za Solstvo ZNANOST IN SPORT

Nalozbo sofinancira Evropski socialni sklad ter Ministrstvo za izobraZevanje, znanost in Sport, projekt Krepitev kompetenc strokovnih delavcev na podroéju vodenja inovativnega vzgojno-izobraZevalnega zavoda v obdobju od 2016 do 2018



Zakaj dokazovati v solski geometriji

X
A
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Zakaj dokazovati v solski geometriji
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Zakaj dokazovati v solski geometriji

EVROPSKA UNUJA
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Zakaj dokazovati v solski geometriji
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Zakaj dokazovati v solski geometriji

X
P
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Zakaj dokazovati v solski geometriji

V. matematiki z dokazom verificiramo
pravilnost trditve.

* V Solski matematiki ob dokazu predvsem
razumemo, ZAKAJ neka trditev drzi...

... a Se mnogo vec! (Hanna, 2000)

X W  REPUBLIKA SLOVENIA m EVROESKALNLIA
KUPM 2016 MINISTRSTVO ZA IZOBRAZEVANJE, SOCIALN) SKLAD
; ZNANOST IN 3PORT NALOZBA V VASO PRIHODNC



Dokazovanje v (ameriski) solski geometriji
Herbst (2002)

Obdobje tekstov:
Reproduciranje dokazov
(1800-1850)

Obdobje originalov:
Oblikovanje dokazov
Obdobje nalog: Ucenje
dokazovanja

Obdobje odkrivanja
(eksperimentalni pristop h
geometriji)

Obdobje avtomatskega

dokazovanja (dokazovanje z
racunalnikom)

“... obravnavana je geometrija,
kakrsna je zapisana v
(klasicnih) tekstih.”

Dokazi so zapisani kot tekst
(paragraph form).

Znati geometrijo = poznati
izreke in znati ponoviti dokaz
izrekov.



Solska izdaja Evklidovih Elementov

OF GEOMETRY. . Iﬁll
PROP. V. THEOR.

If the sides of two triongles ¢ ABC, DEF ), abowt ench of their
angles, be i (A8 fo BC, as DE to EF; BCta AC,
ag EF ta DF; and therefore, by ordinate equality, 48 to J,
as DE lo DF), the triangles are rqui_nngﬂar, having  fheir

BOOK ¥I.

equal angles opposite to the homologous sides.
At the extremes of
any sitle DE,ul'tih\m' C
triangle, as DEF,
make angles EDG £

and DEG equal to

the angles A and B

at the extremes of 35 . D

the side AB, which

iz homologous to

DE; the remaining &

angle G of the tri-

angle DEG, is equal to the remaining angle C of the triangle

ABC (32. 1), %
And, because the triangles ABC, DEG are equiangular, BA

is to AC, as ED to DGg(4. G), and BA is t:qAU. as ED to

DF (Hyp.), therefore ED is to DG, as ED to DF (11, 5), and

so0 DG and DF are equal (9. 5); in like manuer it may be

proved, that EG and EF are equal, therclore the triangle gEG-

is equilateral to the triangle DEF, and of course equiangular

to it [B. 1], and DEG is equiangular to ABC Lﬂunst.r.],

fore the triagg}e AEC is equiangular to DEF, having the angle

A equal to EDF, B to DEF, anl C to F [Ax. 1. 1], namely,

having those angles equal, which are opposite o ihe homolo-

gous sides.

PROP. VI. THEOR.

If twa triangles (ABC, DEF, see fig. to preced. L) have an
augle (4) of ome, equal to an angle ( EDF) of the other, and
the sides about the equal angles proportional ¢ B4 to AC, as ED
to DF); the triangles are equiangular, having those angles
egual, which are opposile fo homolagous sides,

With either leg DE, of cither of the equal angles A and
EDF, and at either extreme of it I, make the angle EDG
equal to A, and at E, the angle DEG equal to B; the remain-
ing angle G of the triangle DEG, is equal fo the remaining
angle C of the triangle ABC (32. 1),

(1822)

162 ELCLID'S ELEMENTS BOOK VI.
And, beeause ihe trinngles ABC, DEG are erquinngular,
ABis to AC, as EIM to DG (4. 6), but AB is to AC, as DE
to DF [Hy |;]. therefore DE is to DG, as DE is o DF (11.
5) and so DG and DF are equal (9. 35 and the angles EDG
and EDF, being each of them cqaal to A (Constr. and Hypa ],
are equal to each other (Ax. 1. ll), and DE is common to the
two triangles EDG, EDF, thevefore the triangle EDG is squi-
angular to the triangle EDF (4. 1); and the triangle ABC is
equiangular to the triangle EDG (Constr.) 3 Uhevefore the tri-
angle ABC is equiangular o DEF, having the angle B equal
to DEF; and E to F (Ax. L. 1), and therefore having those
angles equal, which ave opposite to the homologous sides.

PROP. VII. THEOR.

.ﬂ' tioo triangles CABC, DEF ), have an angle (C) c_rf one, equik
to an angle (F) of the other, and fhe sides about two of the
alher angles proportional | BA to 40, as ED to DF), and the
two remaining angles { B and EY either both less, or both not less
than a right angle; the triangles are equinngular, having te
angles equal, about which are the proportional sides.

Let first the angles B and E be both
less than a right angle. The triangles -
ABC, DEF are equisngular, the an- .
gles CAB and FDE being equal. ¥
For, if the angles CAU and FDE be
not_equal, let one of them, il possible, ()
as CAB, be the ter, and at the
point A, with the vight line CA, muke
the angle CAG equal to ID (23, 1). iy

Becanse, in the triangles CAG, FDE, the angles € and F
are equal [Hyp.], and the angles CAG and D also equal
[Constr.], the remaining angles AGC and E are equal [32. 173
therefore these triangles ave equiangular, and of course CA s
o AG, as FD to DE [4. 6]: and CA is to AB, as FD to DE
[Hyp.], therefore CA is to AG, as CA to AB (11. 5), and so
AG and AB are equal [9. 5]; thevefore the angles AGB and
ABG are equal [ 5. 1], and therefore both acute [Cor. 17. 1]
and because AGH is acute, AGC is obtuse [15. 1], and there-
fore the angle E, equal to AGU, is obinse, which is absurd, the

https://books.google.si/books?id=tncAAAAAMAA)&pg=PA485&Ipg=PA485&dq=euclid+elements&source=bl&ots=6FN3gVLyKQ&sig=1KcudgW9S4IruRINOWY
Mp80KIgk&hl=s|&sa=X&ei=jmDqVMjiLIOzPdi5gdgB&ved=0CDUQ6AEWAzh4#v=0nepage&q=euclid%20elements&f=true



Dokazovanje v (ameriski) solski geometriji

Herbst (2002)
Obdobje tekstov: Reproduciranje * Ucbeniki ve€ ponazoritev
dokazov za boljse razumevanje in
Obdobje originalov: Oblikovanje hipoteticne konstrukcije.

dokazov (1850-1900)

Obdobje nalog: Ucenje + Avtorji izdelujejo

dokazovanja .
enostavnejse,
razumljivejse dokaze,
zavestno preskocijo

Obdobje odkrivanja komplicirane posebne

(eksperimentalni pristop h moznosti, lazje dele

geometriji) dokazov prepustijo

Obdobje avtomatskega samostojnemu delu

dokazovanja (dokazovanje z $tudentom.

racunalnikom)



Franc MocCnik

45
GEOMETRIA INTUITIVA

PER 1L

GINNASIO INFERIORE.

.-

DEL

DL FRANCESCO MOCNIK,

I. B, CONSIGLIERE SCOLASTICO

PARTE PRIMA.

PER LA PRIMA E SECONDA CLASSE,

CON 188 VIGURE INTUROALATE NEIL THATO

X

EDIZIONE QUARTA.

VIENNA.
PRESSO I FIOLIO DI CARLO GEROLD, TIFOGH. EDIT.
. 1868,



Mocnikova nacela - geometrija

Nizja gimnazija Uciteljisce:

e ‘Na |ntU|C|J| teme|jeée Uéenje ° ’Strogo Znanstvenl pnstop'
geometrije’ . .

. Opazovalna geometrija, * Aksiomatska, deduktivna
sistematic¢no spoznavanje geometrija
dejstev

Namen na intuiciji temeljecega ucenja geometrije je
natancno spoznavanje razlicnih oblik v prostoru, kot
tudi z njimi povezanih odnosov in zakonitosti, in tako
na preprost in naraven nacin pripraviti ucence na
strogo znanstveno geometrijo v visji gimnaziji.



Mocnikova nacela —
geometrija v nizji gimnaziji

Predstavitev posameznih oblik, ¢ Nad daljico nacrtamo dva

postopkov enakokraka trikotnika.
Ozave$&anje opazovanih Deduktivna utemeljitey,
lastnosti oblik da zveznica vrhov

razpolavlja kota ob vrhih
trikotnikov in izhodiscno
daljico.

Izpeljava manj ocCitnih dejstev
(izrekov) in postopkov

Neposredna uporaba
spoznanih dejstev

Resevanje prakti¢nih nalog (ko
gre za kolicine)

Natancno prerisovanje s table,
izdelava Cistopisa, prostorocno
risanje



Preprost primer dokaza

8. Le tre allezze di wn triangolo & incontrano nello
stesso punto.

Nel triangolo ABC
(Iig. 43) sin AD .. BC

BE L AC ¢ CF L AB. 3':\':\ --------------
Tirando per 4, B, C le .

parallele & BC, AC ed
AR s ottiene il trinngolo
A'BC in eni A, B, C
«ono 1 centri dei lati, e
AD, BE, CF sono le tre
altezze del triangolo,

rispettivamente perpendicolari ai lati del medesimo. Quindi
gsecondo 1, anche AD, BE e CF devono tagliarsi in un punto,

o o - REPUBLIKA SLOVENIJA E‘XII;SI:'SKA UNUJA
KU PM 2016 S Zavod Republike Slovenije za Solstvo MINISTRSTVO ZA IZOBRAZEVANJE, 3
AN PRIHODNOST

...............
ZNANOST IN 5PORT /



Dokazovanje v (ameriski) solski geometriji
Herbst (2002)

Obdobje tekstov: Reproduciranje
dokazov (1800-1850)

Obdobje originalov: Oblikovanje
dokazov

Obdobje nalog: Ucenje
dokazovanja (1900-1950)

Obdobje odkrivanja
(eksperimentalni pristop h
geometriji)

Obdobje avtomatskega
dokazovanja (dokazovanje z
racunalnikom)

Ucbeniki obravnavajo
metode in strategije
dokazovanja.

Ucbeniki vsebujejo
dokazovalne naloge, katerih
namen je ucenje
dokazovanja (ne pa ucenje
novih postopkov ipd.)
Namen dokazovanja je, bolj
kot verifikacija, razvijanje
misljenja.

Razvit je bila zapis dokaza z
metodo dveh kolon.



Obdobje odkrivanja (1960 - ?)

Na kurikularni ravni se krepi

razumevanje pojmov

predstavitve pojmoy,
odnosov

odkrivanje znacilnosti
geometrijskih objektov

povezovanje z drugimi
vejami matematike
(analiticna geometrija,
vektorji, trigonometrija...)

Na kurikularni ravni bledi

e aksiomatski pristop
 formalno dokazovanje

* deduktivno sklepanje

e zahtevnejse konstruiranje



Obdobje odkrivanja — dinamicna geometrija

g e e B

e
Fantasticne
oredstavljanja
razvijanja razumevanj

a g '
¢ l ‘f( b
,1¢ = ZI ,,;_ i |

"‘.‘f - ‘) »' H 1: [
& : P
g

A

Nekatere ‘skice’ niso skice, temvec okna v Platonova nebesa. (Brown, 1999)



Dinamicna geometrija in dokazovanje

Start Goal

o
Start o ) ® Goal
o

()
()
Start o o o Goal
PY ()

Start o o o Goal
o.")‘ﬂ




Dinamicna geometrija in dokazovanje

Start

Goal

(Villiers, 2010; Laborde, 2000)

° o ¢
Start PS o Goal
.. ° o
° o ©
Start Py o Goal
.. ° o

Start




Avtomatsko opazovanje — OK Geometry

= [ B [ |

Datoteka Mastavitve Ukazi Pomog AMABC Safe H(B|T|M| &

CK Geometry: visi

:

Naloga | Skica | Pregled | Projekt ‘ Poroéilo

v Task ﬂ > ‘ > ‘ Alt

vl Obravnava:Zahtevna “‘%“ ) i

N M Zaznane lastnosti L
Task i i

tocke (15) LI

=

kolinearne tocke (6)

pravokotni trikotniki (12)

podobni trikotniki (7)

skladne daljice (odnos) (12)
razmerje dolZin (21)

razmerje dolZin (odnos) (544)
skladni koti med premicami (7)
posebna razmerja kotov ali sokotov (1)
plo3&ina trikotnikov (odnos) (3)
razmerje plo3€in trikotnikov (126)
tocke na kroZnici (6)

ortogonalni kroZnici (3)

skladne oCrtane kroZnice (1)

skladne oCrtane kroZnice (odnos) (3)

H B B B B H

B B B B B H

=




— OK Geometry
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Avtomatsko opazovan
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Obdobje avtomatskega dokazovanja (? - ?)



GCLC — Theorem prover (Jan

File successfully
processed.

The theorem prover
based on the Groebner
bases method used.
The largest
polynomial obtained
during the proof
process contains 630
terms.

Time spent by the
prover: 4.512 seconds
The conjecture
successfully proved.

IC

[€] WinGCLC - [Visine.gel] o= S —_—— o S
File Edit Source Picture View Window Help — |[&]|
== S e FEERRE KR |®EG[H o)
i I D

intersec H aa bb - -

intersec K aa cc

distance d H K B D C

s

drawsegment & B

drawsegment & C

drawsegment B C

drawsegment & D K|H

drawsegment B E

drawsegment C F

cmark b A

cmark t B

cmark t C =

cmark b F 3

cmark b E

cmark t D

cmark 1t K

cmark rt H

prove { identical H K

»
C : POINT : (20.00,%0.00) -
B - BOINT :- (30.00,%0.00)
A : POINT : (&0.00,30.00)
File successfully processed.
The theorem prover based on the Groebner
The largest polynomial cbtained during th
A
Time spent by the prover: 4_51Z seconds H
The conjecture successfully proved.
|

« 1 F ( n ¢
Ready Ln 35, Col 8 x=46.30 y=98.70 |Zoom:299




Po= (u2 — uy)az + uzmy
n= —ugx2 + (U2 — wy)Ty + uzuy
p2= UpTy + UzTz — Uy
p3= —ugxy + sy
Pa= —&T3T| + T7T2
P = —TgTy + L7y — U1 L7 + U T3
P6 = T9T2 — U2Ty

= 2 _ 249 2, " 2
pr= (—ujz— 3+ 2upuy —uy)ry + (—uzupuy + uzuy)

5

ps = ugToTy + (uz — uzur)Ty
po= (u2 — uy)zTox) + UzU T — UzULTY

2 9
P = (—u3 — u3)ws + ugusuy

= usuy 73Ty + (Uduy — ugul)aawy
l': + ug 4

Sy — 4du,
Gugudud — duzusuf + ugul)rs+

J:f—f—

(uhuzuy — udud + ududuy — 3ududui + ujuouf—
wdut)e,

Pis = (—uSuduy + 2ufuu? — ulud — wiugu,+
3 + dulupud — uul)oor+

t}uf - 3ufju§uf + uijugu‘,'—

3,302 3
Bupuy — 6uy

(—whuduy + 3uju
Suf — 10ududn? + 10u
5u§u§u‘?

5.2 5,

Pa= (—uju3uy + 2ujugu; —
Sudu? — 1203 udul + 8

uzuSuy + Gugufui — 15uzuduf + 20uzuiu—

ujuSuy + 5uj uj—

+ udusu)y

Suguf — 2udu—

1511;;11%1!'{ -+ G"g’llg“ll; - u;;uz).rg.rx-k
f L 5
(—ududur + 3uiudul — Bujusut + whui—
ujudus + 5u§uiu,2 —10uduiu} + 10ujudul—
DBy 06
Sudupu] + uiul)wgrs+
(uGuduy — 2uludu? + wlusu? + wludu,—

411%1;311? + 6ududul — 4uf§u§uf + ufuzu

P15 = (—ufuduf + 2ufudut — wfusu] — 2ufubui+
GuSusu] — TuSudnd + duSudud — ulugul—
3+ dufulut — 6ududu] + dududuf—

uudu)a+
u§—
2u;!;u;u"f + Su}’;uzhf = l3u§u‘2u‘l’ & llugu%u‘;’—

Sui—

ujud + 3uj

Jui — 3ujudu} +u

sl + ujuduf — uiudud + 5u

10ududu + 10uusul — 5ududul+

30408
uzumuy )7

P16 = (ujuduy + 2uuduy + uzuSu )zs+

4 5.5,
Uy + 2uf,u2'u, + uzuouy )r7+

92. Creating S-polynomial from the pair (pg, p1g).
Forming S-pol of pg and pyo:
pso = (—ududur + 2ududu? — uduoud — uzudus+
Juzudnd — buzudul + duzudu} — uzuoul) ot
(—ufuduy + whuoui — wduduy + 3ududui—
2,23 4 .2 4y,
Buzuzuy + uzuguy)ey
Reduced to zero.
93. Creating S-polynomial from the pair (pg. p2o)-
Forming S-pol of pg and pag:
5 ; ; ey
poo = (ufuduy — uuzud + ududuy — Suduiui+
2 9
SuFudul — udusu)ra+
5. K
(UGuauy + uiuduy — 2uludul + wiusud)ay
Reduced to zero.

94. Creating S-polynomial from the pair (pg, p21).

Skipping pair pg and pa; because ged of their leading monoms is zero.

95. Creating S-polynomial from the pair (pg

Forming S-pol of pg and paa:
por = (uSudu? — 2ufudu} + uSusut + 2uudul—
Sujusu; + 12ujudut — Sududuf + 2udusub+
u%u;u? — 6udubu} + 15ududu — 2011%153u?+
15ujusuf — 6ufudu] + udusul)zat

(Whudud — uluout + 2ufudui — 6uuiul+

Guguguf - 2u.gu2u? + u%u.gu'f - 5u.3u?3u?+

10ufuut — 10ududuf + Suiuduf — ufusu)z,
Reduced to zero.
96. Creating S-polynomial from the pair (pg. p23).
Forming S-pol of pg and pas:
po2 = (uhusu} — 2uludut + uiudul + 2ujudul—

6ujudut + Tujusu} — dufudul + uiudul+

ugugu:f = 4ugu;u]‘ + 6u§ugu§’ = 4u§u;u‘1’+



Avtomatsko dokazovanje - GeoGebra

VeV

H=Preseciée[g,h]
K=Presetis¢e [f h]
j=Ekvivalenca[H,K]
Preveri[j]

true
PodrobnostiDokazalj]

{true,
{”SoKolinearne[A,B,C]"}}




Avtomatsko dokazovanje v geometriji

Metoda ploscin (Chou, 1982)

Algebrske metode (Wu 1977, Buchenberg,
1965)

Metoda primerov (Hong, 1985)



Algebrska metoda

\

(Xg=X3)(X7=X;5) + (X6'X4)(>(1Q'X2) =0
| C(x, %)

(X7-X )(X5"X3) + (X-X)(Xg-Xp) = O




Algebrska metoda
(Wu 1977, Buchenberg, 1965)

Pogoji
* p,(x,x5...x,)=0

* pPy(x5,X,...X,)=0

—_

* p,(x,X,..%)=0

- -

s(x,x5...x,) =

posledica

s(x,X,,...x,)=0

r(X,X5...x,) - P1(XpXpeee X)) +.octr (X1, X5 X)) - P(X 3 Xppeee X )



Algebrajska metoda
(Wu 1977, Buchenberg, 1965)

POgoji

—_

* pl(XJ,XZ,...Xk)zo

* pZ(XJ,XZ,...Xk)zo

P (X, X5...%,)=0

— =)

_—

q(X, X5 X ) - S(X X5 X)) =
rl(XllXZI---Xk) . pl(x_pxz,-..xk) +...+rn(X1,X2,“_Xk) . pn(x_‘llXZI'"xk)

posledica

S(x5,X5...x,)=0



Avtomatsko dokazovanje in SS geometrija

Bo ATP postalo del
solske matematike?

Poglobljene obravnave
preprostejsih dokazov

Tudi drugacne
obravnave dokaza

Zapis dokaza

Potrebni in zadostni
pogoji, posledice



Avtomatsko dokazovanje in SS geometrija

Bo ATP postalo del
Solske matematike?

Poglobljene obravnave
preprostejsih dokazov

Tudi drugacne
obravnave dokaza

Zapis dokaza

Potrebni in zadostni
pogoji, posledice



Avtomatsko dokazovanje in SS geometrija

A

Given: C is the midpoint of AD

Bo ATP postalo del e
solske matematike? ]

Statements Reasons

MathBits
O

o]

1. C is the midpoint of 4D 1. Given

Poglobljene obravnave C i ity of T N

" BC=zEC,AC=DC .
segment into two congruent segments.

preprostejsih dokazov s, 4ACB = 2DCE 5. Vet e e

4. AABC = ADEC 4. SAS: If two sides and the included angle
of one triangle are congruent to two sides
and the included angle of another triangle,

Tudi drugacne e e
obravnave dokaza

Given: C is the midpoint of AD

M = C is the midpoint of BE
Zapis dokaza v ABRATAD

MathBit:
O

Potrebni in zadostni L
pOgOJII pOS|edlce Given Given

BC=EC AD = DC KLACB = XDCE
Midpoint | forms two Midpoint | forms two Vertical | angles
congruent | segments.  congruent | segments. are | congruent.
S =L A
t— <_A4BC=ADEC > <——
MathBits.com
SAS

QED




Avtomatsko dokazovanje in OS geometrija

Motivacija za dokaz
(Jahnke, 2009; Prus
Herschowitz, Schwa
2011;...)

Neformalna
utemeljevanja

Preprosti dokazi

EXPLANATION |

| deman d one

Pojem dokaza




Hvala za pozornost

) -
EXPLANATION

| demand one




